Lecture 7

Pushdown Automata
COSE215: Theory of Computation

Seunghoon Woo

Fall 2023
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Review: Pushdown Automata

* |s it possible to push/pop multiple stack alphabets in one transition?

* |s it possible to push/pop simultaneously in one transition?
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Review: Pushdown Automata

* |s it possible to push/pop multiple stack alphabets in one transition?

* |s it possible to push/pop simultaneously in one transition?

Pushdown Automata

* (Nondeterministic) Pushdown Automata: Formal definition
» A pushdown automaton (PDA) is a 7-tuple:M = (Q,X,I',8,q, 2, F)
“*  is a finite set of internal states
“* T is a finite set of symbols
+* 'is a finite set of symbols called stack alphabets
++ § is a set of transition functions
+ 5:Q X (ZU{1}) xT — 20exT)
4 gp € Q is the initial state
++ z € T is the initial stack alphabet

4+ F C Qs a set of final states
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Review: Pushdown Automata

* |s it possible to push/pop multiple stack alphabets in one transition?
" YES

* |s it possible to push/pop simultaneously in one transition?
" YES

* Given a nPDA with multiple push/pop operations, we can generate an

equivalent nPDA that pushes/pops one symbol per transition
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Contents

e Convert CFG to PDA
e Convert PDA to CFG
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CFG to PDA

* Generate an nPDA from a given CFG

= Assumption

“ CFGis in GNF

¢ Consider a leftmost derivation of strings
" Basic idea

¢ Variables in right-hand side — stack

¢ Terminals in right-hand side — input

Greibach Normal Forms

* Definition

» Restrict not the length of a production, but the positions

» ACFG (V,T,S,P) is in Greibach normal form if all Ps are of the form
wA —-ax(aeXandx €V")
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CFG to PDA

* Generate an nPDA from a given CFG

= Step (I) start symbol — stack
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CFG to PDA

* Generate an nPDA from a given CFG

= Step (I) start symbol — stack
" Step (2) VA — ax

* Stack: A - x

“ Inputta = 1
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CFG to PDA

* Generate an nPDA from a given CFG
" Example: S — aSbb | a
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CFG to PDA

* Generate an nPDA from a given CFG

" Example: S — aSbb | a
(I) Convertto GNF: S - aSA|a,A—- bB,B—>b
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CFG to PDA

* Generate an nPDA from a given CFG

" Example: S — aSbb | a
(I) Convertto GNF: S - aSA|a,A—- bB,B—>b
(2) 8(qp,4,2) ={(q4,52)} ... start symbol — stack
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CFG to PDA

* Generate an nPDA from a given CFG

" Example: S — aSbb | a
(I) Convertto GNF: S - aSA|a,A—- bB,B—>b
(2) 8(qp,4,2) ={(q4,52)} ... start symbol — stack
(3) d8(qqy,a,S5) ={(qq,54),(q1,A)} ... YA - ax, Stack: A - x, Input:a - A
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CFG to PDA

* Generate an nPDA from a given CFG

" Example: S — aSbb | a
(I) Convertto GNF: S - aSA|a,A—- bB,B—>b

(2) 8(qp,4,2) ={(q4,52)} ... start symbol — stack
(3) d8(qqy,a,S5) ={(qq,54),(q1,A)} ... YA - ax, Stack: A - x, Input:a - A
(4) 6(qy,b,A) ={(q1,B)} ... YA - ax,Stack: A — x, Input:a - A
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CFG to PDA

* Generate an nPDA from a given CFG

" Example: S — aSbb | a
(I) Convertto GNF: S - aSA|a,A—- bB,B—>b
(2) 6(q0,4,2) = {(q1,52)}
3) 6(q1,a8) =1{(q1,54), (g1, D}
(4) 6(q1,b,4) = {(q1,B)}
(5) 6(q1,b,B) = 1(q1, D}

Theory of Computation

.. start symbol — stack
.. VA - ax,Stack: 4 = x, Input:a - 1
.. YA - ax, Stack: A - x, Input:a - A

.. YA - ax,Stack: 4 = x,Input:a - 1
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CFG to PDA

* Generate an nPDA from a given CFG

" Example: S — aSbb | a
(I) Convertto GNF: S - aSA|a,A—- bB,B—>b
(2) 6(qo,4,2) =1{(q1,52)}
(3) 6(q1,a,5) ={(q1,54),(q1, 1)}
(4) 6(q1,b,4) =1{(q1,B)}
(5) 6(q1,b,B) ={(q1,)}
(6) 6(q1,4,2) =1{(q2,2)}

Theory of Computation

.. start symbol — stack

.. VA - ax,Stack: 4 = x, Input:a - 1
.. YA - ax, Stack: A - x, Input:a - A
.. YA - ax,Stack: 4 = x,Input:a - 1

.. final state
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CFG to PDA

* Generate an nPDA from a given CFG

" Example: S — aSbb | a
(I) Convertto GNF: S - aSA|a,A—- bB,B—>b

(2) 6(qo,4 2) = 1{(q1,52)} a,S — SA
(3) 6(q1,a,9) =1{(q1,54),(q1, 1)} asS— A1
(4) 6(q1,b,4) =1{(q1,B)} b,A > B
(5) 6(a,b,B) = {(q1, )} b,B — 4

(6) 6(‘111/11 Z) = {(QZ;Z)}

16
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CFG to PDA

* Generate an nPDA from a given CFG
" Example: S — aSbb | a

“* Processing "aaabbbb"

° (qo, aaabbbb, Z) a, S N SA
+ (g1, aaabbbb,Sz) + (q.,aabbbb,SAz) a.S — 1
+ (qq,abbbb,SAAz) + (q,bbbb,AAz) + (q1, bbb, BAZ) b,A—- B

- (qll bb,AZ) - (qli b, BZ) - (ql,A,Z) - (qz,;{,,Z) b, B —d /1
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CFG to PDA

* Generate an nPDA from a given CFG

» How about none-GNF case!?
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CFG to PDA

* Generate an nPDA from a given CFG
* How about none-GNF case!?
G =,T,S,P)
" VA -«
“d8(q14A)->{(ga)} (A€V)
+6(q,a,a) > {(q, 1)} (@a€T)
= Basic idea

¢ Remaining input = stack
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CFG to PDA v

*8(q,1L,4) > {(qa)} (AeV)
% 8(q,a,a) >{(q, )} (a€T)

* Generate an nPDA from a given CFG
» Example:S - AS |1, A — aAb | Ab | ab

Theory of Computation 20




CFG to PDA v

*8(q,1L,4) > {(qa)} (AeV)
% 8(q,a,a) >{(q, )} (a€T)

* Generate an nPDA from a given CFG
» Example:S - AS |1, A — aAb | Ab | ab
<« 5(6]0,/1, Z) - {(CILSZ)}
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CFG to PDA v

*8(q,1L,4) > {(qa)} (AeV)
% 8(q,a,a) >{(q, )} (a€T)

* Generate an nPDA from a given CFG
» Example:S - AS |1, A — aAb | Ab | ab

« 5(6]0,/1, Z) - {(CILSZ)}
“ S(C[l,/‘{, S) - {(CILAS)' (Ql;/l)}
’:’ 5(6]1, /LA) — {(CIL aAb); (CILAb)f (CI1; Clb)}
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CFG to PDA v

*8(q,1L,4) > {(qa)} (AeV)
% 8(q,a,a) >{(q, )} (a€T)

* Generate an nPDA from a given CFG
» Example:S - AS |1, A — aAb | Ab | ab
%+ 6(q0, 4 2) —» {(q1,52)}
* 6(q1,45) = {(q1,AS), (q1, 1)}
“* 6(q1,4 A) — {(q1,aAb), (q1,Ab), (q1,ab)}
“* 6(q,a,a) » {(q1, D}
* 6(q1,b,b) > {(q1, 1)}
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CFG to PDA v

*8(q,1L,4) > {(qa)} (AeV)
% 8(q,a,a) >{(q, )} (a€T)

* Generate an nPDA from a given CFG
» Example:S - AS |1, A — aAb | Ab | ab

“ 8(q0,4,2) > {(q1,52)}

* 6(q1,4,9) - {(q1,A45), (q1, D}

< 6(q1,4,4) - {(q1,aA4b), (g1, Ab), (g1, ab)}
* 8(q1,a,a) = {(q, D}

“ 8(q1,b,b) = 1(q1, D)}

“ 8(q1,4,2) = 1(q2,2)}
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CFG to PDA v

*8(q,1L,4) > {(qa)} (AeV)
% 8(q,a,a) >{(q, )} (a€T)

* Generate an nPDA from a given CFG

» Example:S - AS | 1,A - aAb | Ab | ab 1,8 - AS
% 8(a0,4,2) ~ ((41,59) AR
* 6(q1,4,9) - {(q1,A45), (q1, D} A,A— Ab
“ 6(q1, 4, A) - {(qq,aAb), (q,,Ab), (q,,ab)} AA - ab
% 8(qy,a,a) ~ {(q1, )} a,a — A
% 8(41,b,b) > (g1, D) b,b =>4

*6(q1,4,2) = {(q2,2)}

25
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CFG to PDA v

*8(q,1L,4) > {(qa)} (AeV)
% 8(q,a,a) >{(q, )} (a€T)

* Generate an nPDA from a given CFG

» Example:S - AS | 1,A - aAb | Ab | ab 1,5 = AS
. " LS - A
" Processing "aabbb 1A S adb
* (qo,aabbb, z) AA— Ab
- (qq,aabbb,Sz) + (q,,aabbb, ASz) AA - ab
- (q4, aabbb, aAbSz) + (qq, abbb, AbSz) + (q,, abbb, AbbSz) aa— A
+ (g4, abbb, abbbSz) + (q., bbb, bbbSz) + (q,, bb, bbSz) b b—- A

F(q1,b,b52) + (q1,A,52) - (q1,A,2) + (q2, A, 2)

/12—>SZ /1,Z—>Z
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VA - «

CFG to PDA % 8(q,2,4) > {(q @)} (A€V)

% 8(q,a,a) - {(qg, 1)} (a€T)

* Generate an nPDA from a given CFG: Practice
» Example:S = A1 | aSb | bSa | SS
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VA - «

CFG to PDA % 8(q,2,4) > {(q @)} (A€V)

% 8(q,a,a) - {(qg, 1)} (a€T)

* Generate an nPDA from a given CFG: Practice
» Example:S = A1 | aSb | bSa | SS
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PDA to CFG

* Generate a CFG from a given nPDA

" Warning: this is very very complicated
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PDA to CFG

* Generate a CFG from a given nPDA
" Warning: this is very very complicated

" We consider the following type of nPDA

¢ An nPDA that has only one final state and can only enter final state when the stack is empty

* Every transition to a symbol a increases or decreases the contents of the stack by one element
- Eg, 6(q;,a,4) = (q;,4) or 6(q;,a,A) = (q;,BC)

= Any nPDA can be converted to nPDA that satisfies the above conditions
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= Step (2) VA - ax

PDA to CFG  Sackid - 1

% Input:a = 4

* Generate a CFG from a given nPDA

" Case (1) 6(q;,a,4) = (q;,1)
¢ CFG has the rule (inqj) - a

o (inqj) is intended to pop A from the stack while going from state g; to state g;
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= Step (2) VA - ax

PDA to CFG  Sackid - 1

% Input:a = 4

* Generate a CFG from a given nPDA
» Case (2) 6(q;,a,A) = (q;,BC)
< CFG has the rule (q;Aqy) — a(q;Bq;)(q,Cqy)

* ¢; and gy, are all possible states belonging to Q
* (q:Aq) — a(q;Bq)(q,Cqy)
* One way to pop 4 and go from state g; to state ¢y is to read a,

then use some input to pop B off the stack while going from state q; to state q;,

then read some more input that pops C off the stack and goes from state q; to state gy,
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= Step (2) VA - ax

PDA to CFG  Sackid - 1

% Input:a = 4

* Generate a CFG from a given nPDA
= Starting variable = (qozqf)
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PDA to CFG

* Generate a CFG from a given nPDA

= Example (qq: initial state, g,: final state)
% 6(qo,a,2) =1{(q0,A42)}

<+ 6(q3,4,2) = {(q0,A2)}
o 5(CI0; Cl,A) — {(C[g,/l)}

< 6(q0,b,4) = {(q1, D)}

* 8(qu4,2) = (g2, D) ad~21 | Az 4z
‘b,A _)AA’Z_)/’{
a,z—>Az</
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PDA to CFG

= Case (1) 6(q;,a,A) = (qj,,l)
% CFG has the rule (inqj) -a
= Example (qq: initial state, g,: final state) = Case (2) 6(q;,a,4) = (q;,BC)

* Generate a CFG from a given nPDA

% 5(q0,a,2) = {(qy, Az)} * CFG has the rule (q;Aq;) — a(q;B9)(q:Cqx)

* q; and gy are all possible states belonging to Q
o —
<+ 6(q3,4,2) = {(q0,A2)}

“ 6(qo,a,4) = 1(q3, 1)} => (qoAq3) ~> a
“ 5(6]0,19,14) = {(Ql;/l)} => (qOAql) — b
“ 5(‘11)}{1 Z) = {(qZJ/l)} => (qlqu) - A
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PDA to CFG

* Generate a CFG from a given nPDA

= Example (qq: initial state, g,: final state)

% 6(qo0,a,2) ={(q0,A2)}

<+ (qozq0) — a(q0Aq0)(q0zqo)
* (qozq1) — a(qoAqo)(qozqy)
<+ (qozqz) — a(qoAqo)(qozqz)
<+ (qozq3) — a(qoAq)(qozqs3)

Theory of Computation

a(qoAq1)(g1290)
a(q0Aq1)(41291)
a(qoAq1)(41292)
a(qoAq1)(g1293)

= Case (2) 6(q;,a,4) = (q;,BC)
% CFG has the rule (q;Aqx) = a(q;Bq:)(q:Cqx)

* g; and gy are all possible states belonging to Q

a(q0442)(q2249,)
a(q04q2)(9224,)
a(q04q2)(922q>)
a(q04q2)(922q3)

o)
®)

a(q04493)(q32q0),
a(q04q3)(q32q4),
a(q044q3)(q32q>),
a(q04q3)(932q3)
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= Case (2) 6(q;,a,4) = (q;,BC)

P D A to C F G % CFG has the rule (g;Aqx) = a(q;Bq)(q:Cqx)

* g; and gy are all possible states belonging to Q

* Generate a CFG from a given nPDA

o)
®)

= Example (qq: initial state, g,: final state) ~

“* 6(qs,4,2) = {(q0,A42)}

* (q3290) — (90490)(90290) | (90Aq41)(91290) | (q0Aq2)(922q0) | (q0Aq3)(q3290),
* (q3291) — (904490)(q02q1) | (90A491)(q1291) | (q0A4q2)(q2291) | (90Aq3)(q32q1),
* (q3292) — (904490)(90292) | (90461)(q1292) | (90Aq2)(q22q2) | (qoAq3)(q32q2),
* (q3293) — (904490)(90293) | (90491)(q1293) | (q0Aq2)(q22q3) | (q0Aq3)(q32q3)
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o)
®)
o)
®)

PDA to CFG S

* Generate a CFG from a given nPDA

* Example (gg: initial state, g,: final state)
“* (qodq3) - a,
(qoAqq1) - b,
» (12q2) = 4,
(902q0) — a(qoAqo)(qozqo) | a(qoAq1)(q12q0) | a(qoAq2)(q22q0) | a(qoAqs)(qszqo),
(902q1) — a(qoAq0)(qozq1) | a(qoAq1)(q12q1) | a(qoAqz)(922q1) | a(qoAqs)(q32q,),
(q02q2) — a(qoAqo)(qozqz) | a(qoAq:)(q12q2) | a(qoAqz)(q22q;) | a(qoAqs)(qszq,),
* (902q3) — al(qoAq0)(qozqs) | a(qoAq1)(q12q3) | a(qoAq2)(q22q3) | a(qoAqs)(qszqs),
* (93290) — (q044q0)(90290) | (90Aq1)(q1240) | (90Aq2)(q2290) | (q0Aq3)(q32q0),
(432q1) = (q0Aq0)(902491) | (90Aq1)(91291) | (q0Aq2)(922491) | (90Aq3)(q324q1),
* (93292) — (q044q0)(90242) | (90Aq1)(q1242) | (90Aq2)(q22q2) | (q0Aq3)(q32q2),
* (93293) — (90490)(90293) | (90491)(q1243) | (90Aq2)(92293) | (q0Aq3)(q3293)

L)

e

<

4

L)

L)

e

<

e

*%

e

*%

>

L)

L)

4

L)

L)

e

<

4

L)

L)

4

L)

L)
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o)
®)

PDA to CFG §

unnecessary variable No transitions
. (9044q0) 1->0
* Generate a CFG from a given nPDA (GoAgy) e
= Example (q,: initial state, g,: final state) 1->3
o 2->2
* (qoAqs) = a,
* (qoAq1) — b,

4

L)

* (91292) - 4,

(CIOZCIO)Q FotgoHGoZqo) gt g1 cqgte pexZatp |a(CI0ACI3)(CI3ZCI0)»
(q02q1) — elguhaquzaalgsAa{grzatalasdaaz20 | a(qoAq3)(qs32q1),
(q02q;) — elqohauianzar) | a(qoAq1)(q12q,) | ekquAqaaz2q2) | a(qoAqs)(q32q,),
* (q0zq3) - elquhq{quzaalgeAa{grzaHalgsha 9229 | a(qoAqs)(q32qs),
* (932q0) — Lgvhaegezgo--gvha{arzau-gota42290) | (404q3)(q3290),
(932q1) — {Goggoza-Havhda{arza-1-gvhAa4e2290) | (q0Aq3)(q32q,1),

* (q32q2) — {qodauanza) | (q0Aq1)(q12q2) | quhaaz%q2) | (qoAq3)(q32q,),

* (q32q3) — LuAgigozg)-HavAeDerza - GoAa(a2243) | (90Aq3)(q324q3)

L)

e

<

e

*%

e

*%

>

L)

L)

4

L)

L)

e

<

4

L)

L)

4

L)

L)
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o)
®)

PDA to CFG :

* Generate a CFG from a given nPDA
* Example (gg: initial state, g,: final state)

“* (qodq3) - a,

(qoAqq1) - b,

» (12q2) = 4,

(902q0) — a(qoAqs3)(qs2qo),

(902q1) — a(qoAqs3)(qszq4),

(q02q2) — a(qoAq1)(q12q2) | a(qoAq3)(qs2q,),

* (qozq3) — a(qoAqs)(qszq3),

* (43290) — (90Aq3)(q32q0),

(932q1) — (qoAq3)(q32q4),

* (93292) — (q044q1)(q1292) | (q0Aq3)(932q2),

* (932q3) — (qoAq3)(g32q3)

X/
0’0 )

4

L)

L)

e

<

e

*%

e

*%

>

L)

L)

4

L)

L)

e

<

4

L)

L)

4

L)

L)
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PDA to CFG

* Generate a CFG from a given nPDA
* Example (gg: initial state, g,: final state)

“* (q04q3) = a,

(qoAqq1) - b,

» (12q2) = 4,

(902q0) — a(qoAqs3)(qs2qo),

(902q1) — a(qoAqs3)(qszq4),

(q02q2) — a(qoAq1)(q12q2) | a(qoAq3)(qs2q,),

* (qozq3) — a(qoAqs)(qszq3),

* (43290) — (90Aq3)(q32q0),

(932q1) — (qoAq3)(q32q4),

* (93292) — (q044q1)(q1292) | (q0Aq3)(932q2),

* (932q3) — (qoAq3)(g32q3)

L)

e

<

4

L)

L)

e

<

e

*%

e

*%

>

L)

L)

4

L)

L)

e

<

4

L)

L)

4

L)

L)
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a,A,/lT l Az Az

o b'A)A A’Z’A
- » - s

a,z, Az

Deriving "aab“

(q02q2) = a(qoAqs3)(q32q3)
= aa(qszq;)
= aa(qo4q,1)(q12q3)

= aab(q,2q,)
= aab
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Context-Free Languages

* If L = L(M) for some NPDA M, then L is a context-free language
* A language is context-free iff it is accepted by some NPDA

" For every CFG, there exists an equivalent NPDA

" For every NPDA, there exists an equivalent CFG
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Next Lecture

e Deterministic Pushdown Automata
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