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1Theory of Computation
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Pushdown Automata



Review: Pushdown Automata

• Is it possible to push/pop multiple stack alphabets in one transition?

• Is it possible to push/pop simultaneously in one transition?
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Review: Pushdown Automata

• Is it possible to push/pop multiple stack alphabets in one transition?

• Is it possible to push/pop simultaneously in one transition?
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Review: Pushdown Automata

• Is it possible to push/pop multiple stack alphabets in one transition?

▪ YES

• Is it possible to push/pop simultaneously in one transition?

▪ YES

• Given a nPDA with multiple push/pop operations, we can generate an 

equivalent nPDA that pushes/pops one symbol per transition
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Contents

• Convert CFG to PDA

• Convert PDA to CFG

Theory of Computation 5



CFG to PDA

• Generate an nPDA from a given CFG

▪ Assumption

❖ CFG is in GNF 

❖ Consider a leftmost derivation of strings

▪ Basic idea

❖Variables in right-hand side → stack

❖Terminals in right-hand side → input
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CFG to PDA

• Generate an nPDA from a given CFG

▪ Step (1) start symbol → stack

Theory of Computation 7



CFG to PDA

• Generate an nPDA from a given CFG

▪ Step (1) start symbol → stack

▪ Step (2) ∀𝐴 → 𝑎𝑥

❖ Stack: 𝐴 → 𝑥

❖ Input: 𝑎 → 𝜆
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CFG to PDA

• Generate an nPDA from a given CFG

▪ Example: 𝑆 → 𝑎𝑆𝑏𝑏 | 𝑎
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CFG to PDA

• Generate an nPDA from a given CFG

▪ Example: 𝑆 → 𝑎𝑆𝑏𝑏 | 𝑎

(1) Convert to GNF: 𝑆 → 𝑎𝑆𝐴 | 𝑎, 𝐴 → 𝑏𝐵, 𝐵 → 𝑏
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CFG to PDA

• Generate an nPDA from a given CFG

▪ Example: 𝑆 → 𝑎𝑆𝑏𝑏 | 𝑎

(1) Convert to GNF: 𝑆 → 𝑎𝑆𝐴 | 𝑎, 𝐴 → 𝑏𝐵, 𝐵 → 𝑏

(2) 𝛿 𝑞0, 𝜆, 𝑧 = 𝑞1, 𝑆𝑧 … start symbol → stack
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CFG to PDA

• Generate an nPDA from a given CFG

▪ Example: 𝑆 → 𝑎𝑆𝑏𝑏 | 𝑎

(1) Convert to GNF: 𝑆 → 𝑎𝑆𝐴 | 𝑎, 𝐴 → 𝑏𝐵, 𝐵 → 𝑏

(2) 𝛿 𝑞0, 𝜆, 𝑧 = 𝑞1, 𝑆𝑧 … start symbol → stack

(3) 𝛿 𝑞1, 𝑎, 𝑆 = 𝑞1, 𝑆𝐴 , 𝑞1, 𝜆 … ∀𝐴 → 𝑎𝑥, Stack: 𝐴 → 𝑥, Input: 𝑎 → 𝜆
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CFG to PDA

• Generate an nPDA from a given CFG

▪ Example: 𝑆 → 𝑎𝑆𝑏𝑏 | 𝑎

(1) Convert to GNF: 𝑆 → 𝑎𝑆𝐴 | 𝑎, 𝐴 → 𝑏𝐵, 𝐵 → 𝑏

(2) 𝛿 𝑞0, 𝜆, 𝑧 = 𝑞1, 𝑆𝑧 … start symbol → stack

(3) 𝛿 𝑞1, 𝑎, 𝑆 = 𝑞1, 𝑆𝐴 , 𝑞1, 𝜆 … ∀𝐴 → 𝑎𝑥, Stack: 𝐴 → 𝑥, Input: 𝑎 → 𝜆

(4) 𝛿 𝑞1, 𝑏, 𝐴 = 𝑞1, 𝐵 … ∀𝐴 → 𝑎𝑥, Stack: 𝐴 → 𝑥, Input: 𝑎 → 𝜆
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CFG to PDA

• Generate an nPDA from a given CFG

▪ Example: 𝑆 → 𝑎𝑆𝑏𝑏 | 𝑎

(1) Convert to GNF: 𝑆 → 𝑎𝑆𝐴 | 𝑎, 𝐴 → 𝑏𝐵, 𝐵 → 𝑏

(2) 𝛿 𝑞0, 𝜆, 𝑧 = 𝑞1, 𝑆𝑧 … start symbol → stack

(3) 𝛿 𝑞1, 𝑎, 𝑆 = 𝑞1, 𝑆𝐴 , 𝑞1, 𝜆 … ∀𝐴 → 𝑎𝑥, Stack: 𝐴 → 𝑥, Input: 𝑎 → 𝜆

(4) 𝛿 𝑞1, 𝑏, 𝐴 = 𝑞1, 𝐵 … ∀𝐴 → 𝑎𝑥, Stack: 𝐴 → 𝑥, Input: 𝑎 → 𝜆

(5) 𝛿 𝑞1, 𝑏, 𝐵 = 𝑞1, 𝜆 … ∀𝐴 → 𝑎𝑥, Stack: 𝐴 → 𝑥, Input: 𝑎 → 𝜆
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CFG to PDA

• Generate an nPDA from a given CFG

▪ Example: 𝑆 → 𝑎𝑆𝑏𝑏 | 𝑎

(1) Convert to GNF: 𝑆 → 𝑎𝑆𝐴 | 𝑎, 𝐴 → 𝑏𝐵, 𝐵 → 𝑏

(2) 𝛿 𝑞0, 𝜆, 𝑧 = 𝑞1, 𝑆𝑧 … start symbol → stack

(3) 𝛿 𝑞1, 𝑎, 𝑆 = 𝑞1, 𝑆𝐴 , 𝑞1, 𝜆 … ∀𝐴 → 𝑎𝑥, Stack: 𝐴 → 𝑥, Input: 𝑎 → 𝜆

(4) 𝛿 𝑞1, 𝑏, 𝐴 = 𝑞1, 𝐵 … ∀𝐴 → 𝑎𝑥, Stack: 𝐴 → 𝑥, Input: 𝑎 → 𝜆

(5) 𝛿 𝑞1, 𝑏, 𝐵 = 𝑞1, 𝜆 … ∀𝐴 → 𝑎𝑥, Stack: 𝐴 → 𝑥, Input: 𝑎 → 𝜆

(6) 𝛿 𝑞1, 𝜆, 𝑧 = 𝑞2, 𝑧 … final state
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CFG to PDA

• Generate an nPDA from a given CFG

▪ Example: 𝑆 → 𝑎𝑆𝑏𝑏 | 𝑎

(1) Convert to GNF: 𝑆 → 𝑎𝑆𝐴 | 𝑎, 𝐴 → 𝑏𝐵, 𝐵 → 𝑏

(2) 𝛿 𝑞0, 𝜆, 𝑧 = 𝑞1, 𝑆𝑧

(3) 𝛿 𝑞1, 𝑎, 𝑆 = 𝑞1, 𝑆𝐴 , 𝑞1, 𝜆

(4) 𝛿 𝑞1, 𝑏, 𝐴 = 𝑞1, 𝐵

(5) 𝛿 𝑞1, 𝑏, 𝐵 = 𝑞1, 𝜆

(6) 𝛿 𝑞1, 𝜆, 𝑧 = 𝑞2, 𝑧
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𝑞0 𝑞1 𝑞2
𝜆, 𝑧 → 𝑆𝑧

𝑎, 𝑆 → 𝑆𝐴

𝜆, 𝑧 → 𝑧

𝑎, 𝑆 → 𝜆
𝑏, 𝐴 → 𝐵
𝑏, 𝐵 → 𝜆



CFG to PDA

• Generate an nPDA from a given CFG

▪ Example: 𝑆 → 𝑎𝑆𝑏𝑏 | 𝑎

❖ Processing "𝑎𝑎𝑎𝑏𝑏𝑏𝑏"

• (𝑞0, 𝑎𝑎𝑎𝑏𝑏𝑏𝑏, 𝑧)

⊢ 𝑞1, 𝑎𝑎𝑎𝑏𝑏𝑏𝑏, 𝑆𝑧 ⊢ 𝑞1, 𝑎𝑎𝑏𝑏𝑏𝑏, 𝑆𝐴𝑧

⊢ 𝑞1, 𝑎𝑏𝑏𝑏𝑏, 𝑆𝐴𝐴𝑧 ⊢ 𝑞1, 𝑏𝑏𝑏𝑏, 𝐴𝐴𝑧 ⊢ (𝑞1, 𝑏𝑏𝑏, 𝐵𝐴𝑧)
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⊢ 𝑞1, 𝑏𝑏, 𝐴𝑧 ⊢ 𝑞1, 𝑏, 𝐵𝑧 ⊢ 𝑞1, 𝜆, 𝑧 ⊢ (𝑞2, 𝜆, 𝑧)

𝑞0 𝑞1 𝑞2
𝜆, 𝑧 → 𝑆𝑧

𝑎, 𝑆 → 𝑆𝐴

𝜆, 𝑧 → 𝑧

𝑎, 𝑆 → 𝜆
𝑏, 𝐴 → 𝐵
𝑏, 𝐵 → 𝜆



CFG to PDA

• Generate an nPDA from a given CFG

▪ How about none-GNF case?
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CFG to PDA

• Generate an nPDA from a given CFG

▪ How about none-GNF case? 

▪ 𝐺 = (𝑉, 𝑇, 𝑆, 𝑃)

▪ ∀𝐴 → 𝛼

❖ 𝛿 𝑞, 𝜆, 𝐴 → 𝑞, 𝛼 (𝐴 ∈ 𝑉)

❖ 𝛿 𝑞, 𝑎, 𝑎 → 𝑞, 𝜆 (𝑎 ∈ 𝑇)

▪ Basic idea

❖ Remaining input = stack 
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CFG to PDA

• Generate an nPDA from a given CFG

▪ Example: 𝑆 → 𝐴𝑆 𝜆, 𝐴 → 𝑎𝐴𝑏 𝐴𝑏 | 𝑎𝑏
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CFG to PDA

• Generate an nPDA from a given CFG

▪ Example: 𝑆 → 𝐴𝑆 𝜆, 𝐴 → 𝑎𝐴𝑏 𝐴𝑏 | 𝑎𝑏

❖ 𝛿 𝑞0, 𝜆, 𝑧 → 𝑞1, 𝑆𝑧
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CFG to PDA

• Generate an nPDA from a given CFG

▪ Example: 𝑆 → 𝐴𝑆 𝜆, 𝐴 → 𝑎𝐴𝑏 𝐴𝑏 | 𝑎𝑏

❖ 𝛿 𝑞0, 𝜆, 𝑧 → 𝑞1, 𝑆𝑧

❖ 𝛿 𝑞1, 𝜆, 𝑆 → 𝑞1, 𝐴𝑆 , (𝑞1, 𝜆)

❖ 𝛿 𝑞1, 𝜆, 𝐴 → 𝑞1, 𝑎𝐴𝑏 , 𝑞1, 𝐴𝑏 , (𝑞1, 𝑎𝑏)
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CFG to PDA

• Generate an nPDA from a given CFG

▪ Example: 𝑆 → 𝐴𝑆 𝜆, 𝐴 → 𝑎𝐴𝑏 𝐴𝑏 | 𝑎𝑏

❖ 𝛿 𝑞0, 𝜆, 𝑧 → 𝑞1, 𝑆𝑧

❖ 𝛿 𝑞1, 𝜆, 𝑆 → 𝑞1, 𝐴𝑆 , (𝑞1, 𝜆)

❖ 𝛿 𝑞1, 𝜆, 𝐴 → 𝑞1, 𝑎𝐴𝑏 , 𝑞1, 𝐴𝑏 , (𝑞1, 𝑎𝑏)

❖ 𝛿 𝑞1, 𝑎, 𝑎 → 𝑞1, 𝜆

❖ 𝛿 𝑞1, 𝑏, 𝑏 → 𝑞1, 𝜆
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CFG to PDA

• Generate an nPDA from a given CFG

▪ Example: 𝑆 → 𝐴𝑆 𝜆, 𝐴 → 𝑎𝐴𝑏 𝐴𝑏 | 𝑎𝑏

❖ 𝛿 𝑞0, 𝜆, 𝑧 → 𝑞1, 𝑆𝑧

❖ 𝛿 𝑞1, 𝜆, 𝑆 → 𝑞1, 𝐴𝑆 , (𝑞1, 𝜆)

❖ 𝛿 𝑞1, 𝜆, 𝐴 → 𝑞1, 𝑎𝐴𝑏 , 𝑞1, 𝐴𝑏 , (𝑞1, 𝑎𝑏)

❖ 𝛿 𝑞1, 𝑎, 𝑎 → 𝑞1, 𝜆

❖ 𝛿 𝑞1, 𝑏, 𝑏 → 𝑞1, 𝜆

❖ 𝛿 𝑞1, 𝜆, 𝑧 → 𝑞2, 𝑧
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CFG to PDA

• Generate an nPDA from a given CFG

▪ Example: 𝑆 → 𝐴𝑆 𝜆, 𝐴 → 𝑎𝐴𝑏 𝐴𝑏 | 𝑎𝑏

❖ 𝛿 𝑞0, 𝜆, 𝑧 → 𝑞1, 𝑆𝑧

❖ 𝛿 𝑞1, 𝜆, 𝑆 → 𝑞1, 𝐴𝑆 , (𝑞1, 𝜆)

❖ 𝛿 𝑞1, 𝜆, 𝐴 → 𝑞1, 𝑎𝐴𝑏 , 𝑞1, 𝐴𝑏 , (𝑞1, 𝑎𝑏)

❖ 𝛿 𝑞1, 𝑎, 𝑎 → 𝑞1, 𝜆

❖ 𝛿 𝑞1, 𝑏, 𝑏 → 𝑞1, 𝜆

❖ 𝛿 𝑞1, 𝜆, 𝑧 → 𝑞2, 𝑧
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𝑞0 𝑞1 𝑞2
𝜆, 𝑧 → 𝑆𝑧

𝜆, 𝑆 → 𝐴𝑆

𝜆, 𝑧 → 𝑧

𝜆, 𝑆 → 𝜆
𝜆, 𝐴 → 𝑎𝐴𝑏
𝜆, 𝐴 → 𝐴𝑏
𝜆, 𝐴 → 𝑎𝑏
𝑎, 𝑎 → 𝜆
𝑏, 𝑏 → 𝜆



CFG to PDA

• Generate an nPDA from a given CFG

▪ Example: 𝑆 → 𝐴𝑆 𝜆, 𝐴 → 𝑎𝐴𝑏 𝐴𝑏 | 𝑎𝑏

▪ Processing "𝑎𝑎𝑏𝑏𝑏"

• (𝑞0, 𝑎𝑎𝑏𝑏𝑏, 𝑧)

⊢ 𝑞1, 𝑎𝑎𝑏𝑏𝑏, 𝑆𝑧 ⊢ 𝑞1, 𝑎𝑎𝑏𝑏𝑏, 𝐴𝑆𝑧

⊢ 𝑞1, 𝑎𝑎𝑏𝑏𝑏, 𝑎𝐴𝑏𝑆𝑧 ⊢ 𝑞1, 𝑎𝑏𝑏𝑏, 𝐴𝑏𝑆𝑧 ⊢ (𝑞1, 𝑎𝑏𝑏𝑏, 𝐴𝑏𝑏𝑆𝑧)
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⊢ 𝑞1, 𝑎𝑏𝑏𝑏, 𝑎𝑏𝑏𝑏𝑆𝑧 ⊢ 𝑞1, 𝑏𝑏𝑏, 𝑏𝑏𝑏𝑆𝑧 ⊢ 𝑞1, 𝑏𝑏, 𝑏𝑏𝑆𝑧

⊢ 𝑞1, 𝑏, 𝑏𝑆𝑧 ⊢ 𝑞1, 𝜆, 𝑆𝑧 ⊢ 𝑞1, 𝜆, 𝑧 ⊢ (𝑞2, 𝜆, 𝑧)

𝑞0 𝑞1 𝑞2
𝜆, 𝑧 → 𝑆𝑧

𝜆, 𝑆 → 𝐴𝑆

𝜆, 𝑧 → 𝑧

𝜆, 𝑆 → 𝜆
𝜆, 𝐴 → 𝑎𝐴𝑏
𝜆, 𝐴 → 𝐴𝑏
𝜆, 𝐴 → 𝑎𝑏
𝑎, 𝑎 → 𝜆
𝑏, 𝑏 → 𝜆



CFG to PDA

• Generate an nPDA from a given CFG: Practice

▪ Example: 𝑆 → 𝜆 𝑎𝑆𝑏 𝑏𝑆𝑎 | 𝑆𝑆
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CFG to PDA

• Generate an nPDA from a given CFG: Practice

▪ Example: 𝑆 → 𝜆 𝑎𝑆𝑏 𝑏𝑆𝑎 | 𝑆𝑆
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PDA to CFG

• Generate a CFG from a given nPDA

▪ Warning: this is very very complicated
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PDA to CFG

• Generate a CFG from a given nPDA

▪ Warning: this is very very complicated

▪ We consider the following type of nPDA

❖An nPDA that has only one final state and can only enter final state when the stack is empty

❖ Every transition to a symbol 𝑎 increases or decreases the contents of the stack by one element

• E.g., 𝛿 𝑞𝑖 , 𝑎, 𝐴 = (𝑞𝑗 , 𝜆) or 𝛿 𝑞𝑖 , 𝑎, 𝐴 = (𝑞𝑗 , 𝐵𝐶)

▪ Any nPDA can be converted to nPDA that satisfies the above conditions
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PDA to CFG

• Generate a CFG from a given nPDA

▪ Case (1) 𝛿 𝑞𝑖 , 𝑎, 𝐴 = 𝑞𝑗 , 𝜆

❖ CFG has the rule 𝑞𝑖𝐴𝑞𝑗 → 𝑎

❖ 𝑞𝑖𝐴𝑞𝑗 is intended to pop 𝐴 from the stack while going from state 𝑞𝑖 to state 𝑞𝑗
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PDA to CFG

• Generate a CFG from a given nPDA

▪ Case (2) 𝛿 𝑞𝑖 , 𝑎, 𝐴 = (𝑞𝑗 , 𝐵𝐶)

❖ CFG has the rule 𝑞𝑖𝐴𝑞𝑘 → 𝑎(𝑞𝑗𝐵𝑞𝑙) 𝑞𝑙𝐶𝑞𝑘

• 𝑞𝑙 and 𝑞𝑘 are all possible states belonging to Q

• 𝑞𝑖𝐴𝑞𝑘 → 𝑎 𝑞𝑗𝐵𝑞𝑙 𝑞𝑙𝐶𝑞𝑘

• One way to pop 𝐴 and go from state 𝑞𝑖 to state 𝑞𝑘 is to read 𝑎, 

then use some input to pop 𝐵 off the stack while going from state 𝑞𝑗 to state 𝑞𝑙, 

then read some more input that pops 𝐶 off the stack and goes from state 𝑞𝑙 to state 𝑞𝑘
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PDA to CFG

• Generate a CFG from a given nPDA

▪ Starting variable = 𝑞0𝑧𝑞𝑓

Theory of Computation 33



PDA to CFG

• Generate a CFG from a given nPDA

▪ Example (𝑞0: initial state, 𝑞2: final state)

❖ 𝛿 𝑞0, 𝑎, 𝑧 = 𝑞0, 𝐴𝑧

❖ 𝛿 𝑞3, 𝜆, 𝑧 = 𝑞0, 𝐴𝑧

❖ 𝛿 𝑞0, 𝑎, 𝐴 = 𝑞3, 𝜆

❖ 𝛿 𝑞0, 𝑏, 𝐴 = 𝑞1, 𝜆

❖ 𝛿 𝑞1, 𝜆, 𝑧 = 𝑞2, 𝜆
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𝑞0 𝑞1 𝑞2
𝑏, 𝐴 → 𝜆 𝜆, 𝑧 → 𝜆

𝑞3

𝑎, 𝑧 → 𝐴𝑧

𝑎, 𝐴 → 𝜆 𝜆, 𝑧 → 𝐴𝑧



PDA to CFG

• Generate a CFG from a given nPDA

▪ Example (𝑞0: initial state, 𝑞2: final state)

❖ 𝛿 𝑞0, 𝑎, 𝑧 = 𝑞0, 𝐴𝑧

❖ 𝛿 𝑞3, 𝜆, 𝑧 = 𝑞0, 𝐴𝑧

❖ 𝛿 𝑞0, 𝑎, 𝐴 = 𝑞3, 𝜆 =>   𝒒𝟎𝑨𝒒𝟑 → 𝒂

❖ 𝛿 𝑞0, 𝑏, 𝐴 = 𝑞1, 𝜆 =>   𝒒𝟎𝑨𝒒𝟏 → 𝒃

❖ 𝛿 𝑞1, 𝜆, 𝑧 = 𝑞2, 𝜆 =>   𝒒𝟏𝒛𝒒𝟐 → 𝝀
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PDA to CFG

• Generate a CFG from a given nPDA

▪ Example (𝑞0: initial state, 𝑞2: final state)

❖ 𝛿 𝑞0, 𝑎, 𝑧 = 𝑞0, 𝐴𝑧

❖ 𝑞0𝑧𝑞0 → 𝑎 𝑞0𝐴𝑞0 𝑞0𝑧𝑞0 𝑎 𝑞0𝐴𝑞1 𝑞1𝑧𝑞0 𝑎 𝑞0𝐴𝑞2 𝑞2𝑧𝑞0 | 𝑎 𝑞0𝐴𝑞3 𝑞3𝑧𝑞0 ,

❖ 𝑞0𝑧𝑞1 → 𝑎 𝑞0𝐴𝑞0 𝑞0𝑧𝑞1 𝑎 𝑞0𝐴𝑞1 𝑞1𝑧𝑞1 𝑎 𝑞0𝐴𝑞2 𝑞2𝑧𝑞1 | 𝑎 𝑞0𝐴𝑞3 𝑞3𝑧𝑞1 ,

❖ 𝑞0𝑧𝑞2 → 𝑎 𝑞0𝐴𝑞0 𝑞0𝑧𝑞2 𝑎 𝑞0𝐴𝑞1 𝑞1𝑧𝑞2 𝑎 𝑞0𝐴𝑞2 𝑞2𝑧𝑞2 | 𝑎 𝑞0𝐴𝑞3 𝑞3𝑧𝑞2 ,

❖ 𝑞0𝑧𝑞3 → 𝑎 𝑞0𝐴𝑞0 𝑞0𝑧𝑞3 𝑎 𝑞0𝐴𝑞1 𝑞1𝑧𝑞3 𝑎 𝑞0𝐴𝑞2 𝑞2𝑧𝑞3 | 𝑎 𝑞0𝐴𝑞3 𝑞3𝑧𝑞3
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PDA to CFG

• Generate a CFG from a given nPDA

▪ Example (𝑞0: initial state, 𝑞2: final state)

❖ 𝛿 𝑞3, 𝜆, 𝑧 = 𝑞0, 𝐴𝑧

❖ 𝑞3𝑧𝑞0 → 𝑞0𝐴𝑞0 𝑞0𝑧𝑞0 𝑞0𝐴𝑞1 𝑞1𝑧𝑞0 𝑞0𝐴𝑞2 𝑞2𝑧𝑞0 | 𝑞0𝐴𝑞3 𝑞3𝑧𝑞0 ,

❖ 𝑞3𝑧𝑞1 → 𝑞0𝐴𝑞0 𝑞0𝑧𝑞1 𝑞0𝐴𝑞1 𝑞1𝑧𝑞1 𝑞0𝐴𝑞2 𝑞2𝑧𝑞1 | 𝑞0𝐴𝑞3 𝑞3𝑧𝑞1 ,

❖ 𝑞3𝑧𝑞2 → 𝑞0𝐴𝑞0 𝑞0𝑧𝑞2 𝑞0𝐴𝑞1 𝑞1𝑧𝑞2 𝑞0𝐴𝑞2 𝑞2𝑧𝑞2 | 𝑞0𝐴𝑞3 𝑞3𝑧𝑞2 ,

❖ 𝑞3𝑧𝑞3 → 𝑞0𝐴𝑞0 𝑞0𝑧𝑞3 𝑞0𝐴𝑞1 𝑞1𝑧𝑞3 𝑞0𝐴𝑞2 𝑞2𝑧𝑞3 | 𝑞0𝐴𝑞3 𝑞3𝑧𝑞3
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PDA to CFG

• Generate a CFG from a given nPDA

▪ Example (𝑞0: initial state, 𝑞2: final state)

❖ 𝑞0𝐴𝑞3 → 𝑎,

❖ 𝑞0𝐴𝑞1 → 𝑏,

❖ 𝑞1𝑧𝑞2 → 𝜆,

❖ 𝑞0𝑧𝑞0 → 𝑎 𝑞0𝐴𝑞0 𝑞0𝑧𝑞0 𝑎 𝑞0𝐴𝑞1 𝑞1𝑧𝑞0 𝑎 𝑞0𝐴𝑞2 𝑞2𝑧𝑞0 | 𝑎 𝑞0𝐴𝑞3 𝑞3𝑧𝑞0 ,

❖ 𝑞0𝑧𝑞1 → 𝑎 𝑞0𝐴𝑞0 𝑞0𝑧𝑞1 𝑎 𝑞0𝐴𝑞1 𝑞1𝑧𝑞1 𝑎 𝑞0𝐴𝑞2 𝑞2𝑧𝑞1 | 𝑎 𝑞0𝐴𝑞3 𝑞3𝑧𝑞1 ,

❖ 𝑞0𝑧𝑞2 → 𝑎 𝑞0𝐴𝑞0 𝑞0𝑧𝑞2 𝑎 𝑞0𝐴𝑞1 𝑞1𝑧𝑞2 𝑎 𝑞0𝐴𝑞2 𝑞2𝑧𝑞2 | 𝑎 𝑞0𝐴𝑞3 𝑞3𝑧𝑞2 ,

❖ 𝑞0𝑧𝑞3 → 𝑎 𝑞0𝐴𝑞0 𝑞0𝑧𝑞3 𝑎 𝑞0𝐴𝑞1 𝑞1𝑧𝑞3 𝑎 𝑞0𝐴𝑞2 𝑞2𝑧𝑞3 | 𝑎 𝑞0𝐴𝑞3 𝑞3𝑧𝑞3 ,

❖ 𝑞3𝑧𝑞0 → 𝑞0𝐴𝑞0 𝑞0𝑧𝑞0 𝑞0𝐴𝑞1 𝑞1𝑧𝑞0 𝑞0𝐴𝑞2 𝑞2𝑧𝑞0 | 𝑞0𝐴𝑞3 𝑞3𝑧𝑞0 ,

❖ 𝑞3𝑧𝑞1 → 𝑞0𝐴𝑞0 𝑞0𝑧𝑞1 𝑞0𝐴𝑞1 𝑞1𝑧𝑞1 𝑞0𝐴𝑞2 𝑞2𝑧𝑞1 | 𝑞0𝐴𝑞3 𝑞3𝑧𝑞1 ,

❖ 𝑞3𝑧𝑞2 → 𝑞0𝐴𝑞0 𝑞0𝑧𝑞2 𝑞0𝐴𝑞1 𝑞1𝑧𝑞2 𝑞0𝐴𝑞2 𝑞2𝑧𝑞2 | 𝑞0𝐴𝑞3 𝑞3𝑧𝑞2 ,

❖ 𝑞3𝑧𝑞3 → 𝑞0𝐴𝑞0 𝑞0𝑧𝑞3 𝑞0𝐴𝑞1 𝑞1𝑧𝑞3 𝑞0𝐴𝑞2 𝑞2𝑧𝑞3 | 𝑞0𝐴𝑞3 𝑞3𝑧𝑞3
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PDA to CFG

• Generate a CFG from a given nPDA

▪ Example (𝑞0: initial state, 𝑞2: final state)

❖ 𝑞0𝐴𝑞3 → 𝑎,

❖ 𝑞0𝐴𝑞1 → 𝑏,

❖ 𝑞1𝑧𝑞2 → 𝜆,

❖ 𝑞0𝑧𝑞0 → 𝑎 𝑞0𝐴𝑞0 𝑞0𝑧𝑞0 𝑎 𝑞0𝐴𝑞1 𝑞1𝑧𝑞0 𝑎 𝑞0𝐴𝑞2 𝑞2𝑧𝑞0 | 𝑎 𝑞0𝐴𝑞3 𝑞3𝑧𝑞0 ,

❖ 𝑞0𝑧𝑞1 → 𝑎 𝑞0𝐴𝑞0 𝑞0𝑧𝑞1 𝑎 𝑞0𝐴𝑞1 𝑞1𝑧𝑞1 𝑎 𝑞0𝐴𝑞2 𝑞2𝑧𝑞1 | 𝑎 𝑞0𝐴𝑞3 𝑞3𝑧𝑞1 ,

❖ 𝑞0𝑧𝑞2 → 𝑎 𝑞0𝐴𝑞0 𝑞0𝑧𝑞2 𝑎 𝑞0𝐴𝑞1 𝑞1𝑧𝑞2 𝑎 𝑞0𝐴𝑞2 𝑞2𝑧𝑞2 | 𝑎 𝑞0𝐴𝑞3 𝑞3𝑧𝑞2 ,

❖ 𝑞0𝑧𝑞3 → 𝑎 𝑞0𝐴𝑞0 𝑞0𝑧𝑞3 𝑎 𝑞0𝐴𝑞1 𝑞1𝑧𝑞3 𝑎 𝑞0𝐴𝑞2 𝑞2𝑧𝑞3 | 𝑎 𝑞0𝐴𝑞3 𝑞3𝑧𝑞3 ,

❖ 𝑞3𝑧𝑞0 → 𝑞0𝐴𝑞0 𝑞0𝑧𝑞0 𝑞0𝐴𝑞1 𝑞1𝑧𝑞0 𝑞0𝐴𝑞2 𝑞2𝑧𝑞0 | 𝑞0𝐴𝑞3 𝑞3𝑧𝑞0 ,

❖ 𝑞3𝑧𝑞1 → 𝑞0𝐴𝑞0 𝑞0𝑧𝑞1 𝑞0𝐴𝑞1 𝑞1𝑧𝑞1 𝑞0𝐴𝑞2 𝑞2𝑧𝑞1 | 𝑞0𝐴𝑞3 𝑞3𝑧𝑞1 ,

❖ 𝑞3𝑧𝑞2 → 𝑞0𝐴𝑞0 𝑞0𝑧𝑞2 𝑞0𝐴𝑞1 𝑞1𝑧𝑞2 𝑞0𝐴𝑞2 𝑞2𝑧𝑞2 | 𝑞0𝐴𝑞3 𝑞3𝑧𝑞2 ,

❖ 𝑞3𝑧𝑞3 → 𝑞0𝐴𝑞0 𝑞0𝑧𝑞3 𝑞0𝐴𝑞1 𝑞1𝑧𝑞3 𝑞0𝐴𝑞2 𝑞2𝑧𝑞3 | 𝑞0𝐴𝑞3 𝑞3𝑧𝑞3
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No transitions

1->0
1->1
1->3
2->2

unnecessary variable

𝑞0𝐴𝑞0
𝑞0𝐴𝑞2



PDA to CFG

• Generate a CFG from a given nPDA

▪ Example (𝑞0: initial state, 𝑞2: final state)

❖ 𝑞0𝐴𝑞3 → 𝑎,

❖ 𝑞0𝐴𝑞1 → 𝑏,

❖ 𝑞1𝑧𝑞2 → 𝜆,

❖ 𝑞0𝑧𝑞0 → 𝑎 𝑞0𝐴𝑞3 𝑞3𝑧𝑞0 ,

❖ 𝑞0𝑧𝑞1 → 𝑎 𝑞0𝐴𝑞3 𝑞3𝑧𝑞1 ,

❖ 𝑞0𝑧𝑞2 → 𝑎 𝑞0𝐴𝑞1 𝑞1𝑧𝑞2 | 𝑎 𝑞0𝐴𝑞3 𝑞3𝑧𝑞2 ,

❖ 𝑞0𝑧𝑞3 → 𝑎 𝑞0𝐴𝑞3 𝑞3𝑧𝑞3 ,

❖ 𝑞3𝑧𝑞0 → 𝑞0𝐴𝑞3 𝑞3𝑧𝑞0 ,

❖ 𝑞3𝑧𝑞1 → 𝑞0𝐴𝑞3 𝑞3𝑧𝑞1 ,

❖ 𝑞3𝑧𝑞2 → 𝑞0𝐴𝑞1 𝑞1𝑧𝑞2 | 𝑞0𝐴𝑞3 𝑞3𝑧𝑞2 ,

❖ 𝑞3𝑧𝑞3 → 𝑞0𝐴𝑞3 𝑞3𝑧𝑞3
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PDA to CFG

• Generate a CFG from a given nPDA

▪ Example (𝑞0: initial state, 𝑞2: final state)

❖ 𝑞0𝐴𝑞3 → 𝑎,

❖ 𝑞0𝐴𝑞1 → 𝑏,

❖ 𝑞1𝑧𝑞2 → 𝜆,

❖ 𝑞0𝑧𝑞0 → 𝑎 𝑞0𝐴𝑞3 𝑞3𝑧𝑞0 ,

❖ 𝑞0𝑧𝑞1 → 𝑎 𝑞0𝐴𝑞3 𝑞3𝑧𝑞1 ,

❖ 𝑞0𝑧𝑞2 → 𝑎 𝑞0𝐴𝑞1 𝑞1𝑧𝑞2 | 𝑎 𝑞0𝐴𝑞3 𝑞3𝑧𝑞2 ,

❖ 𝑞0𝑧𝑞3 → 𝑎 𝑞0𝐴𝑞3 𝑞3𝑧𝑞3 ,

❖ 𝑞3𝑧𝑞0 → 𝑞0𝐴𝑞3 𝑞3𝑧𝑞0 ,

❖ 𝑞3𝑧𝑞1 → 𝑞0𝐴𝑞3 𝑞3𝑧𝑞1 ,

❖ 𝑞3𝑧𝑞2 → 𝑞0𝐴𝑞1 𝑞1𝑧𝑞2 | 𝑞0𝐴𝑞3 𝑞3𝑧𝑞2 ,

❖ 𝑞3𝑧𝑞3 → 𝑞0𝐴𝑞3 𝑞3𝑧𝑞3
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Deriving "𝑎𝑎𝑏“

𝑞0𝑧𝑞2 ⇒ 𝑎(𝑞0𝐴𝑞3)(𝑞3𝑧𝑞2)
⇒ 𝑎𝑎(𝑞3𝑧𝑞2)
⇒ 𝑎𝑎 𝑞0𝐴𝑞1 𝑞1𝑧𝑞2
⇒ 𝑎𝑎𝑏 𝑞1𝑧𝑞2
⇒ 𝑎𝑎𝑏



Context-Free Languages

• If 𝑳 = 𝑳 𝑴 for some NPDA 𝑴, then 𝑳 is a context-free language

• A language is context-free iff it is accepted by some NPDA

▪ For every CFG, there exists an equivalent NPDA

▪ For every NPDA, there exists an equivalent CFG
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Next Lecture

• Deterministic Pushdown Automata
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