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Pumping lemma for context-free languages

• Revisit: pumping lemma for regular languages
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Pumping lemma for context-free languages

• Similar approach

▪ Even if we pump a portion for a long string, it should be contained in the CFL!
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Pumping lemma for context-free languages

• Pumping lemma for CFL

▪ Let 𝐿 be a context-free language (infinite)

▪ There exists a positive integer 𝑚 such that any 𝑤 ∈ 𝐿, if 𝑤 ≥ 𝑚, there exists

𝑤 = 𝑢𝑣𝑥𝑦𝑧 such that

❖ 𝑣𝑥𝑦 ≤ 𝑚

❖ 𝑣𝑦 ≥ 1

❖For all 𝑖 ≥ 0, 𝑢𝑣𝑖𝑥𝑦𝑖𝑧 ∈ 𝐿
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Pumping lemma for context-free languages

• The size of parse tree in CNF

▪ For a given CFG 𝐺 in CNF

❖For all 𝑤 ∈ 𝐿 𝐺

• If the length of the longest path in the parse tree of 𝑤 is 𝑛, then 𝑤 ≤ 2𝑛−1
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Pumping lemma for context-free languages

• The size of parse tree in CNF

▪ For a given CFG 𝐺 in CNF

❖For all 𝑤 ∈ 𝐿 𝐺

• If the length of the longest path in the parse tree of 𝑤 is 𝑛, then 𝑤 ≤ 2𝑛−1

▪ Proof by induction

❖ If 𝑛 = 1

• 𝑤 = 1

• 2𝑛−1 = 20 = 1

• ∴ 𝑤 = 2𝑛−1
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Pumping lemma for context-free languages

• The size of parse tree in CNF

▪ For a given CFG 𝐺 in CNF

❖For all 𝑤 ∈ 𝐿 𝐺

• If the length of the longest path in the parse tree of 𝑤 is 𝑛, then 𝑤 ≤ 2𝑛−1

▪ Proof by induction

❖ Let 𝑛 = 𝑘 − 1 and 𝑋 ֜
∗
𝑥

❖ By the inductive hypothesis, 𝑥 ≤ 2𝑘−2
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Pumping lemma for context-free languages

• The size of parse tree in CNF

▪ For a given CFG 𝐺 in CNF

❖For all 𝑤 ∈ 𝐿 𝐺

• If the length of the longest path in the parse tree of 𝑤 is 𝑛, then 𝑤 ≤ 2𝑛−1

▪ Proof by induction

❖ Let 𝑛 = 𝑘 − 1 and 𝑋 ֜
∗
𝑥

❖ By the inductive hypothesis, 𝑥 ≤ 2𝑘−2

❖ Similarly, consider 𝑌 ֜
∗
𝑦 ( 𝑦 ≤ 2𝑘−2)
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Pumping lemma for context-free languages

• The size of parse tree in CNF

▪ For a given CFG 𝐺 in CNF

❖For all 𝑤 ∈ 𝐿 𝐺

• If the length of the longest path in the parse tree of 𝑤 is 𝑛, then 𝑤 ≤ 2𝑛−1

▪ Proof by induction

❖ Let 𝑛 = 𝑘 − 1 and 𝑋 ֜
∗
𝑥

❖ By the inductive hypothesis, 𝑥 ≤ 2𝑘−2

❖ Similarly, consider 𝑌 ֜
∗
𝑦 ( 𝑦 ≤ 2𝑘−2)

❖ If there is a rule 𝑆 → 𝑋𝑌 exists (𝑆 ֜
∗
𝑤) where 𝑤 = 𝑥𝑦,

then 𝑤 = 𝑥 + 𝑦 ≤ 2𝑘−2 + 2𝑘−2 = 2𝑘−1

• Inductive step is proved
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Pumping lemma for context-free languages

• Proof of pumping lemma

▪ Let 𝐿 be a context-free language
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Pumping lemma for context-free languages

• Proof of pumping lemma

▪ Let 𝐿 be a context-free language

▪ Starting with a CNF grammar 𝐺 = (𝑉, 𝑇, 𝑆, 𝑃) such that 𝐿 𝐺 = 𝐿
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Pumping lemma for context-free languages

• Proof of pumping lemma

▪ Let 𝐿 be a context-free language

▪ Starting with a CNF grammar 𝐺 = (𝑉, 𝑇, 𝑆, 𝑃) such that 𝐿 𝐺 = 𝐿

▪ Let 𝑛 ≥ 0 be the number of variables in 𝐺 and choose 𝑚 = 2𝑛 ≥ 1

Theory of Computation 13



Pumping lemma for context-free languages

• Proof of pumping lemma

▪ Let 𝐿 be a context-free language

▪ Starting with a CNF grammar 𝐺 = (𝑉, 𝑇, 𝑆, 𝑃) such that 𝐿 𝐺 = 𝐿

▪ Let 𝑛 ≥ 0 be the number of variables in 𝐺 and choose 𝑚 = 2𝑛 ≥ 1

▪ Take any 𝑤 = 𝑎1𝑎2…𝑎𝑘 ∈ 𝐿 such that 𝑤 = 𝑘 ≥ 𝑚
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Pumping lemma for context-free languages

• Proof of pumping lemma

▪ Let 𝐿 be a context-free language

▪ Starting with a CNF grammar 𝐺 = (𝑉, 𝑇, 𝑆, 𝑃) such that 𝐿 𝐺 = 𝐿

▪ Let 𝑛 ≥ 0 be the number of variables in 𝐺 and choose 𝑚 = 2𝑛 ≥ 1

▪ Take any 𝑤 = 𝑎1𝑎2…𝑎𝑘 ∈ 𝐿 such that 𝑤 = 𝑘 ≥ 𝑚

▪ Consider the longest path (𝑆, 𝐴1, 𝐴2, … , 𝐴𝑝−1) in the parse tree of 𝑤

❖ 𝑤 = 𝑘 ≤ 2𝑝−1

❖ Because 𝑘 ≥ 𝑚 = 2𝑛, then 2𝑝−1 ≥ 2𝑛, therefore, 𝑝 ≥ 𝑛 + 1

❖This means that there are at least 𝑛 + 1 occurrences of variables on the path
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Pumping lemma for context-free languages

• Proof of pumping lemma

▪ Let 𝐿 be a context-free language

▪ Starting with a CNF grammar 𝐺 = (𝑉, 𝑇, 𝑆, 𝑃) such that 𝐿 𝐺 = 𝐿

▪ Let 𝑛 ≥ 0 be the number of variables in 𝐺 and choose 𝑚 = 2𝑛 ≥ 1

▪ Take any 𝑤 = 𝑎1𝑎2…𝑎𝑘 ∈ 𝐿 such that 𝑤 = 𝑘 ≥ 𝑚

▪ Consider the longest path (𝑆, 𝐴1, 𝐴2, … , 𝐴𝑝−1) in the parse tree of 𝑤

❖ 𝑤 = 𝑘 ≤ 2𝑝−1

❖ Because 𝑘 ≥ 𝑚 = 2𝑛, then 2𝑝−1 ≥ 2𝑛, therefore, 𝑝 ≥ 𝑛 + 1

❖ This means that there are at least 𝑛 + 1 occurrences of variables on the path

▪ As there are only 𝑛 different variables, at least two of the variables should be the same

❖ Suppose 𝐴𝑖 = 𝐴𝑗 where 𝑝 − 𝑛 ≤ 𝑖 < 𝑗 ≤ 𝑝
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Pumping lemma for context-free languages

• Proof of pumping lemma

▪ It is possible to divide the parse tree of 𝑤 = 𝑢𝑣𝑥𝑦𝑧 as follows
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Pumping lemma for context-free languages

• Proof of pumping lemma

▪ It is possible to divide the parse tree of 𝑤 = 𝑢𝑣𝑥𝑦𝑧 as follows
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Pumping lemma for context-free languages

• Proof of pumping lemma

▪ It is possible to divide the parse tree of 𝑤 = 𝑢𝑣𝑥𝑦𝑧 as follows
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𝑆

𝐴𝑖

𝐴𝑗

𝑢 𝑣 𝑥 𝑦 𝑧
𝑤

① Since there are no unit or 𝜆 productions,

𝑣 and 𝑦 could not both be 𝜆
∴ 𝑣𝑦 ≥ 1

②The length of the longest path from 𝐴𝑖
in the parse tree of 𝑤 is 𝑝 − 𝑖 + 1
=> Since 𝑝 − 𝑛 ≤ 𝑖, then 𝑝 − 𝑖 + 1 ≤ 𝑛 + 1
∴ 𝑣𝑥𝑦 ≤ 2𝑛+1−1 = 2𝑛 = 𝑚



Pumping lemma for context-free languages

• Proof of pumping lemma

▪ It is possible to divide the parse tree of 𝑤 = 𝑢𝑣𝑥𝑦𝑧 as follows
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Pumping lemma for context-free languages

• Pumping lemma for CFL

▪ Adversary game

1. We pick a language 𝐿 that we want to show is not a CFL

2. Our “adversary” gets to pick 𝑚, which we do not know, and we therefore must plan 

for any possible 𝑚

3. We get to pick 𝑤, and may use 𝑚 as a parameter when we do so

4. Our adversary gets to break 𝑤 into 𝑢𝑣𝑥𝑦𝑧, subject only to the constraints that 

𝑣𝑥𝑦 ≤ 𝑚 and 𝑣𝑦 ≥ 1

5. We win the game, if we can, by picking 𝑖 and showing that 𝑢𝑣𝑖𝑥𝑦𝑖𝑧 is not in 𝐿
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Pumping lemma for context-free languages

• Pumping lemma for CFL: example

▪ Show that the following language is not context free

❖ 𝐿 = {𝑎𝑛𝑏𝑛𝑐𝑛: 𝑛 ≥ 0}
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Pumping lemma for context-free languages

• Pumping lemma for CFL: example

▪ 𝐿 = 𝑎𝑛𝑏𝑛𝑐𝑛: 𝑛 ≥ 0

❖The adversary picks 𝑚, and suppose we pick 𝑤 = 𝑎𝑚𝑏𝑚𝑐𝑚

❖The adversary breaks 𝑤 = 𝑢𝑣𝑥𝑦𝑧, where 𝑣𝑥𝑦 ≤ 𝑚 and 𝑣𝑦 ≥ 1
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Pumping lemma for context-free languages

• Pumping lemma for CFL: example

▪ 𝐿 = 𝑎𝑛𝑏𝑛𝑐𝑛: 𝑛 ≥ 0

❖The adversary picks 𝑚, and suppose we pick 𝑤 = 𝑎𝑚𝑏𝑚𝑐𝑚

❖The adversary breaks 𝑤 = 𝑢𝑣𝑥𝑦𝑧, where 𝑣𝑥𝑦 ≤ 𝑚 and 𝑣𝑦 ≥ 1

Case 1:  The adversary picks 𝑣𝑥𝑦 consist entirely of 𝑎’s (or 𝑏’s or 𝑐’s)

• Let 𝑣𝑦 = 𝑘

• If we pump 𝑣 and 𝑦 𝑖 times (𝑖 ≠ 1), the result string 𝑤′ = 𝑎𝑚+ 𝑖−1 𝑘𝑏𝑚𝑐𝑚 ∉ 𝐿
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Pumping lemma for context-free languages

• Pumping lemma for CFL: example

▪ 𝐿 = 𝑎𝑛𝑏𝑛𝑐𝑛: 𝑛 ≥ 0

❖The adversary picks 𝑚, and suppose we pick 𝑤 = 𝑎𝑚𝑏𝑚𝑐𝑚

❖The adversary breaks 𝑤 = 𝑢𝑣𝑥𝑦𝑧, where 𝑣𝑥𝑦 ≤ 𝑚 and 𝑣𝑦 ≥ 1

Case 2: The adversary picks 𝑣𝑥𝑦 consist of 𝑎’s and 𝑏’s (or 𝑏’s and 𝑐’s) 

• Then, the pumped string 𝑎𝑘𝑏𝑘𝑐𝑚 ∉ 𝐿 𝑘 ≠ 𝑚
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Pumping lemma for context-free languages

• Pumping lemma for CFL: example

▪ 𝐿 = 𝑎𝑛𝑏𝑛𝑐𝑛: 𝑛 ≥ 0

❖The adversary picks 𝑚, and suppose we pick 𝑤 = 𝑎𝑚𝑏𝑚𝑐𝑚

❖The adversary breaks 𝑤 = 𝑢𝑣𝑥𝑦𝑧, where 𝑣𝑥𝑦 ≤ 𝑚 and 𝑣𝑦 ≥ 1

❖The only way is to pick 𝑣𝑦 with the same number of ‘𝑎’s, ‘𝑏’s, and ‘𝑐’s

• Impossible: because of the condition 𝑣𝑥𝑦 ≤ 𝑚

• 𝐿 is not context free!
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Pumping lemma for context-free languages

• Pumping lemma for CFL: example2

▪ 𝐿 = 𝑤𝑤:𝑤 ∈ 𝑎, 𝑏 ∗
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Pumping lemma for context-free languages

• Pumping lemma for CFL: example2

▪ 𝐿 = 𝑤𝑤:𝑤 ∈ 𝑎, 𝑏 ∗

❖The adversary picks 𝑚, and suppose we pick 𝑤 = 𝑎𝑚𝑏𝑚𝑎𝑚𝑏𝑚

❖The adversary breaks 𝑤 = 𝑢𝑣𝑥𝑦𝑧, where 𝑣𝑥𝑦 ≤ 𝑚 and 𝑣𝑦 ≥ 1
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Pumping lemma for context-free languages

• Pumping lemma for CFL: example2

▪ 𝐿 = 𝑤𝑤:𝑤 ∈ 𝑎, 𝑏 ∗

❖The adversary picks 𝑚, and suppose we pick 𝑤 = 𝑎𝑚𝑏𝑚𝑎𝑚𝑏𝑚

❖The adversary breaks 𝑤 = 𝑢𝑣𝑥𝑦𝑧, where 𝑣𝑥𝑦 ≤ 𝑚 and 𝑣𝑦 ≥ 1

Case 1: The adversary picks 𝑣𝑥𝑦 consist entirely of 𝑎’s

• Let 𝑣𝑦 = 𝑘

• If we pump 𝑣 and 𝑦 𝑖 times, the result string 𝑤′ = 𝑎𝑚+ 𝑖−1 𝑘𝑏𝑚𝑎𝑚𝑏𝑚 ∉ 𝐿
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Pumping lemma for context-free languages

• Pumping lemma for CFL: example2

▪ 𝐿 = 𝑤𝑤:𝑤 ∈ 𝑎, 𝑏 ∗

❖The adversary picks 𝑚, and suppose we pick 𝑤 = 𝑎𝑚𝑏𝑚𝑎𝑚𝑏𝑚

❖The adversary breaks 𝑤 = 𝑢𝑣𝑥𝑦𝑧, where 𝑣𝑥𝑦 ≤ 𝑚 and 𝑣𝑦 ≥ 1

Case 2: The adversary picks 𝑣 consists of 𝑎’s and 𝑦 consists of 𝑏’s

• Then the pumped string 𝑎𝑘𝑏𝑗𝑎𝑚𝑏𝑚 ∉ 𝐿 can be generated 𝑘 ≠ 𝑚 and 𝑗 ≠ 𝑚
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Pumping lemma for context-free languages

• Pumping lemma for CFL: example2

▪ 𝐿 = 𝑤𝑤:𝑤 ∈ 𝑎, 𝑏 ∗

❖The adversary picks 𝑚, and suppose we pick 𝑤 = 𝑎𝑚𝑏𝑚𝑎𝑚𝑏𝑚

❖The adversary breaks 𝑤 = 𝑢𝑣𝑥𝑦𝑧, where 𝑣𝑥𝑦 ≤ 𝑚 and 𝑣𝑦 ≥ 1

❖ 𝑣𝑦 cannot cover both two different blocks consisting of 𝑎’s (or 𝑏’s)

• Impossible: because of the condition 𝑣𝑥𝑦 ≤ 𝑚

• 𝐿 is not context free!
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Pumping lemma for context-free languages

• Pumping lemma for CFL: example3

▪ 𝐿 = 𝑎𝑛𝑏𝑛: 𝑛 ≥ 0
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Pumping lemma for context-free languages

• Pumping lemma for CFL: example3

▪ 𝐿 = 𝑎𝑛𝑏𝑛: 𝑛 ≥ 0

❖The adversary picks 𝑚, and suppose we pick 𝑤 = 𝑎𝑚𝑏𝑚

❖The adversary breaks 𝑤 = 𝑢𝑣𝑥𝑦𝑧, where 𝑣𝑥𝑦 ≤ 𝑚 and 𝑣𝑦 ≥ 1
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Pumping lemma for context-free languages

• Pumping lemma for CFL: example3

▪ 𝐿 = 𝑎𝑛𝑏𝑛: 𝑛 ≥ 0

❖The adversary picks 𝑚, and suppose we pick 𝑤 = 𝑎𝑚𝑏𝑚

❖The adversary breaks 𝑤 = 𝑢𝑣𝑥𝑦𝑧, where 𝑣𝑥𝑦 ≤ 𝑚 and 𝑣𝑦 ≥ 1

❖The adversary picks 𝑣 consists of 𝑎’s (𝑣 = 𝑎𝑘) and 𝑦 consists of 𝑏’s (𝑦 = 𝑏𝑘) 

• No matter how what 𝑖 we choose, the resulting pumped string 𝑤𝑖 is in 𝐿

• Unable to get any conclusion from the pumping lemma in this case

Theory of Computation 34



Pumping lemma for context-free languages

• Pumping lemma for CFL: example4

▪ 𝐿 = {𝑎𝑛!: 𝑛 ≥ 0}
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Pumping lemma for context-free languages

• Pumping lemma for CFL: example4

▪ 𝐿 = {𝑎𝑛!: 𝑛 ≥ 0}

❖The adversary picks 𝑚, and suppose we pick 𝑤 = 𝑎𝑚!

❖The adversary breaks 𝑤 = 𝑢𝑣𝑥𝑦𝑧, where 𝑣𝑥𝑦 ≤ 𝑚 and 𝑣𝑦 ≥ 1

Theory of Computation 36



Pumping lemma for context-free languages

• Pumping lemma for CFL: example4

▪ 𝐿 = {𝑎𝑛!: 𝑛 ≥ 0}

❖The adversary picks 𝑚, and suppose we pick 𝑤 = 𝑎𝑚!

❖The adversary breaks 𝑤 = 𝑢𝑣𝑥𝑦𝑧, where 𝑣𝑥𝑦 ≤ 𝑚 and 𝑣𝑦 ≥ 1

Only one case:The adversary picks 𝑣 = 𝑎𝑘 and 𝑦 = 𝑎𝑙

• 𝑤0 = 𝑢𝑥𝑧 = 𝑎𝑚!− 𝑘+𝑙

• 𝑚! − 𝑘 + 𝑙 = 𝑗! ??
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Pumping lemma for context-free languages

• Pumping lemma for CFL: example4

▪ 𝐿 = {𝑎𝑛!: 𝑛 ≥ 0}

❖The adversary picks 𝑚, and suppose we pick 𝑤 = 𝑎𝑚!

❖The adversary breaks 𝑤 = 𝑢𝑣𝑥𝑦𝑧, where 𝑣𝑥𝑦 ≤ 𝑚 and 𝑣𝑦 ≥ 1

Only one case:The adversary picks 𝑣 = 𝑎𝑘 and 𝑦 = 𝑎𝑙

• 𝑤𝑚!+1 = 𝑎𝑚!+𝑚! 𝑘+𝑙 = 𝑎𝑚! 1+𝑘+𝑙

• 𝑚! < 𝑚! × 1 + 𝑘 + 𝑙 ≤ 𝑚! × 1 +𝑚 = 𝑚 + 1 ! (because 𝑘 + 𝑙 < 𝑚)

• 𝐿 is not context free!
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Pumping lemma for context-free languages

• Pumping lemma for CFL: practice

▪ 𝐿 = 𝑎𝑛𝑏𝑗: 𝑛 = 𝑗2
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Pumping lemma for context-free languages

• Pumping lemma for CFL

▪ Pumping Lemma for CFL is violated => not a CFL

▪ Pumping Lemma for CFL is not violated => do not know if it is context free 

or not
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Next Lecture

• Closure properties of CFL
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